We present a lattice QCD calculation of B→l semileptonic decay form factors in the small pion recoil momentum region. The calculation is performed on a quenched 16 3 ϫ48 lattice at ␤ϭ5.9 with the nonrelativistic QCD action including the full 1/M terms. The form factors f 1 (v•k ) and f 2 (v•k ) defined in the heavy quark effective theory for which the heavy quark scaling is manifest are adopted, and we find that the 1/M correction to the scaling is small for the B meson. The dependence of the form factors on the light quark mass and on the recoil energy is found to be mild, and we use a global fit of the form factors at various quark masses and recoil energies to obtain model independent results for the physical differential decay rate. We find that the B* pole contribution dominates the form factor f ϩ (q 2 ) for small pion recoil energy, and obtain the differential decay rate integrated over the kinematic region q 2 Ͼ18 GeV 2 to be ͉V ub ͉ 2 ϫ(1.18Ϯ0.37Ϯ0.08 Ϯ0.31) psec Ϫ1 , where the first error is statistical, the second is that from perturbative calculation, and the third is the systematic error from the finite lattice spacing and the chiral extrapolation. We also discuss the systematic errors in the soft pion limit for f 0 (q max 2 ) in the present simulation.
I. INTRODUCTION
The exclusive decay modes B 0 → Ϫ l ϩ l and B 0 → Ϫ l ϩ l may provide us with the best experimental input to determine the Cabibbo-Kobayashi-Maskawa ͑CKM͒ matrix element ͉V ub ͉. At present these decays are measured by CLEO ͓1,2͔ with an error of order 20%. A prerequisite for the determination of ͉V ub ͉ is an accurate calculation of the form factors involved in these semileptonic decays, but the theoretical prediction of the form factors for the entire kinematical range is still difficult. However, with the advent of the B factories BaBar, BELLE, and CLEO III, we expect that the differential decay rate will be measured precisely as a function of the momentum transfer q 2 in the near future. This means that to determine ͉V ub ͉ we do not necessarily need the form factor for the entire kinematic region of q 2 , but calculations in a certain limited range of q 2 will suffice in practice.
Lattice QCD provides a promising framework to compute the form factors without resorting to specific phenomenological models. Exploratory studies have already been made by a few groups ͓3-5͔, but more extensive studies are clearly needed to provide realistic predictions. In this work we attempt to compute the form factors and differential decay rates of B→l for the momentum range q 2 Ͼ18 GeV 2 , which is set by the condition that the spatial momenta of the initial and final hadrons be much smaller than the lattice cutoff 1/a, ͉k͉Ӷ1/aӍ2 GeV/c, to avoid discretization error.
An important point in the calculation of the B meson ma-trix elements is to reduce the systematic error arising from a heavy quark mass M that is larger than 1/a. One approach adopted in the literature is to calculate the matrix elements with a relativistic action for heavy quarks around the charm quark mass and to extrapolate them to the bottom quark mass. Although this approach seems to work reasonably well in the recent studies of B→l form factors ͓6,7͔, the systematic error is magnified in the extrapolation and the heavy quark mass dependence would not be correctly predicted. This problem can be avoided by using a variant of the heavy quark effective theory ͑HQET͒ in which the the heavy quark is treated nonrelativistically. A natural implementation of the idea of the HQET on the lattice is nonrelativistic QCD ͑NRQCD͒ ͓8͔, which we employ in this work. With the NRQCD action the heavy quark mass dependence of the form factors can be reliably calculated ͓9͔, since the action is written as an expansion in terms of inverse heavy quark mass and higher order terms can optionally be included to achieve the desired accuracy. In the B→l decay near zero recoil of the pion, we find that the heavy quark expansion converges well at the next-to-leading order in 1/M . An alternative implementation of the HQET is the Fermilab formalism ͓10͔, in which results from the conventional relativistic lattice action are reinterpreted in terms of a nonrelativistic effective Hamiltonian. This formalism shares an advantage similar to that of NRQCD, and has recently been applied to a B→l decay calculation ͓11͔. In the application of the HQET to the B→l decay, it is more natural to work with the form factors f 1 (v•k ) and f 2 (v•k ) ͓12͔, where v is the heavy quark velocity and k tional f ϩ (q 2 ) and f 0 (q 2 ). This is because the argument v •k , which is the energy of the pion in the B meson rest frame, is well defined in the limit of infinitely heavy quark mass, and the heavy quark scaling, i.e., f 1,2 (v•k )→const as M →ϱ, is manifest in the new set of form factors.
We calculate f 1,2 (v•k ) using the NRQCD action on a quenched lattice of size 16 3 ϫ48 at ␤ϭ5.9 corresponding to 1/aϷ1.6 GeV. The action we use includes the full terms of order 1/M . The O(a)-improved Wilson fermion action is used for the light quark. We prepare a large statistical sample, accumulating 2150 gauge configurations to reduce statistical noise which becomes large for states with finite momenta. This enables us to obtain good signals for the form factors for a finite spatial momentum of the pion. This paper is organized as follows. In the next section we briefly review the definition of the HQET motivated form factors f 1,2 (v•k ) of Burdman et al. ͓12͔ and their relation to the conventional form factors. We summarize the definition of the NRQCD action in Sec. III, and discuss matching of the heavy-light vector current on the lattice with that in the continuum in Sec. IV. We describe our lattice calculation in Sec. V, and the results are presented in Sec. VI. Section VII is given to a comparison with other lattice calculations, and phenomenological implications are discussed in Sec. VIII. Our conclusions are presented in Sec. IX.
II. THE HQET FORM FACTORS FOR B\l
The matrix element ͗(k )͉q ␥ b͉B(p B )͘ for the heavyto-light semileptonic decay B→l is usually parametrized as
with p B and k the momenta of the initial and final pseudoscalar mesons and qϭp B Ϫk . When the lepton mass is negligible, the momentum transfer q 2 ranges from 0 to q max 2 ϭ(m B Ϫm ) 2 . From the kinematics
where vϭ p B /m B is the four-velocity of the initial B meson, a low q 2 corresponds to a large recoil momentum of the pion, for which the lattice calculation is not easy. In the other limit q 2 ϳq max 2 , however, the energy of the pion E in the B meson rest frame is minimum, so that the spatial momenta of the initial and final hadrons are small compared to the lattice cutoff, and the lattice calculation will give a reliable answer.
In HQET, it is more natural to use v and k as independent four-vectors rather than p B and k . Burdman et al. ͓12͔ defined the form factors f 1 (v•k ) and f 2 (v•k ) by
͑2.3͒
where the heavy meson field is normalized with the factor 2v 0 instead of the usual 2p B 0 , so that ͱm B ͉B(v)͘ ϭ͉B( p B )͘. The new form factors are functions of v•k and defined over the range ͓m ,(m B 2 Ϫm 2 )/2m B ͔. As seen from definition ͑2.3͒ there is no explicit dependence on the heavy meson mass. Therefore, heavy quark scaling as M →ϱ is manifest, namely, f 1,2 (v•k ) become independent of M up to logarithms arising from the renormalization of the heavylight current. Finite M corrections are given as a power series in 1/M .
The relation between the two definitions of form factors is given by
͑2.5͒
This indicates that f ϩ (q 2 ) and f 0 (q 2 ) scale in the heavy quark limit as
͑2.7͒
if v•k is kept fixed. In the soft pion limit k →0 and m →0, we obtain simpler relations:
from Eqs. ͑2.4͒ and ͑2.5͒. The soft pion theorem implies that the scalar form factor f 0 (q 2 ) and the B meson leptonic decay constant f B are related as f 0 (q max 2 )ϭ f B / f , which means
The vector form factor f ϩ (q 2 ) may be evaluated using the heavy meson chiral Lagrangian approach ͑for a review, see 
where the vector meson decay constant f B * is defined by ͗0͉V ͉B*( p)͘ϭi f B * m B * ⑀ (p), and g denotes the B*B
coupling. The B* propagator gives a factor 1/(v•k ϩ⌬ B ), in which ⌬ B ϭm B * Ϫm B . Since the hyperfine splitting ⌬ B Ϸ46 MeV is much smaller than the ''pion'' mass, we consider in the lattice simulation that Eq. ͑2.11͒ depends little on v•k . This behavior of f 2 is actually found in our simulation. Equation ͑2.11͒ leads to the well-known vector meson dominance form for the form factor f ϩ (q 2 )
which is also reproduced in our calculation.
III. LATTICE NRQCD
We use the NRQCD formalism defined on the lattice ͓8͔ to treat the heavy b quark without large discretization errors increasing as a power of aM . NRQCD is designed to approximate nonrelativistic motion of heavy quarks inside hadrons, and is expressed as a systematic expansion in some small parameter depending on the hadron considered. For a heavy-light meson system such as the B meson, the expansion parameter is given by ⌳ QCD /M , with ⌳ QCD the typical momentum scale of QCD ϳ300-500 MeV. At the next-toleading order in ⌳ QCD /M , the Lagrangian in the continuum Euclidean space-time is written as
for a heavy quark field Q represented by a two-component nonrelativistic spinor. The derivatives D 0 and D are temporal and spatial covariant derivatives, respectively. The leading order term D 0 represents a heavy quark as a static color source. The leading correction of order ⌳ QCD /M comes from D 2 /2M , which gives the nonrelativistic kinetic term of the heavy quark. Another contribution of order ⌳ QCD /M is the spin-͑chromo͒magnetic interaction •B/2M , where B denotes the chromomagnetic field strength. In the usual HQET approach, only the leading terms are present in the effective Lagrangian and corrections of order ⌳ QCD /M are incorporated when one evaluates a matrix element ͗O͘ of some operator O by including terms such as ͗TO͐d 4 x Q † (D 2 /2M )Q͘. In contrast, in the NRQCD approach we include the correction terms in the Lagrangian ͑3.1͒ and evaluate the matrix elements with the heavy quark propagator including the effect of order ⌳ QCD /M . An important limitation of the NRQCD Lagrangian ͑3.1͒ is that the heavy quark expansion is made in the rest frame of a heavy quark. Since the expansion parameter is p/M , where p is a typical spatial momentum of the heavy quark, the Lagrangian is valid only in the region where the heavy quark does not have momentum greater than O(⌳ QCD ). Therefore, in a study of the heavy-to-light decay, the momentum of the initial B meson must be small enough. Although it is possible to construct the action expanded around a finite heavy quark velocity, the heavy quark velocity is renormalized by a radiative correction since the lattice violates Lorentz symmetry ͓14,15͔, which gives rise to an additional important systematic correction. We therefore do not use this strategy and consider the discretization of the Lagrangian ͑3.1͒.
The lattice NRQCD action we use in this work is
In addition to the nonrelativistic heavy quark field Q, we write the term for the antiparticle field for completeness. The kernels to describe the time evolution of the heavy quark are given by
͑3.4͒
where n denotes a stabilization parameter introduced in order to remove the instability arising from unphysical momentum modes in the evolution equation ͓8͔ 
is a Laplacian defined on the lattice through ⌬ i
(2) , the second symmetric covariant differentiation operator in the spatial direction i. In Eq. ͑3.6͒ the chromomagnetic field B is the usual clover-leaf type lattice field strength ͓8͔. In these definitions, the lattice operators ⌬ i (2) and B are dimensionless, i.e., appropriate powers of a are understood. The space-time indices x and y are implicit in these expressions. The bare heavy quark mass M 0 is distinguished from the renormalized one M.
The lattice action ͑3.2͒ describes continuum NRQCD ͑3.1͒ in the limit of vanishing lattice spacing a at the tree level. In the presence of radiative correction, however, power divergence of the form ␣ s n /(aM 0 ) m with positive integers n,m can appear. This is due to the fact that NRQCD is not renormalizable, and the action should be considered as an effective theory valid for small 1/(aM 0 ). This means that the parameters in the lattice action ͑3.2͒ should be tuned to reproduce the same low energy amplitude as the continuum QCD up to some higher order corrections. One may use perturbation theory to achieve this tuning. For example, a oneloop calculation of the energy shift and mass renormalization was carried out for lattice NRQCD by Davies and Thacker ͓16͔ and by Morningstar ͓17͔ some time ago, and then by ourselves ͓18 -20͔ for the above particular form of the NRQCD action. 1 To improve the perturbative expansion we utilize the tadpole improvement procedure where all the gauge links in the action ͑3.2͒ are divided by its mean field value u 0 determined from the plaquette expectation value as u 0 ϵ(͗TrU P ͘/3) 1/4 . This tadpole improvement will give rise to O(g 2 ) counterterms in the Feynman rules. The one-loop tuning of the coupling constant c B in front of the spin-͑chromo͒magnetic interaction term ͑3.6͒ has not yet been performed. We therefore use the tree level value c B ϭ1 after making the tadpole improvement. The relativistic four-component Dirac spinor field h is related to the two-component nonrelativistic field Q and appearing in the NRQCD action ͑3.2͒ via the Foldy-Wouthuysen-Tani ͑FWT͒ transformation
where " is a symmetric covariant differentiation operator in a spatial direction.
IV. MATCHING OF THE HEAVY-LIGHT CURRENT
Since we use the lattice NRQCD action of the previous section, the continuum heavy-light vector current q ␥ b in Eq. ͑2.1͒ must be written in terms of the corresponding operator constructed with the lattice NRQCD heavy quark field h. This matching of the continuum and lattice operators has been calculated using the one-loop perturbation theory by Morningstar and Shigemitsu ͓21,22͔. In this section we summarize their results and specify our notations.
In the one-loop matching of the continuum operator to the lattice operators, we have to consider dimension-4 operators in addition to the leading dimension-3 operator q ␥ h, in order to remove the error of order ␣ s ⌳ QCD /M and ␣ s a⌳ QCD . The former is the radiative correction to the FWT transformation ͑3.7͒ and the latter appears in the O(a) improvement of the lattice discretized operator. Thus the following operators are involved in the calculation:
The heavy quark field h is obtained from the two-component field Q through the FWT transformation ͑3.7͒. 2 For the light quark q we employ the O(a)-improved Wilson fermion ͓23͔.
The one-loop matching is given by
and the numerical coefficients V 4 (i) and V 4 (k) are summarized
in Tables I and II for several values of aM 0 .
1 We note that the evolution kernels ͑3.3͒ and ͑3.4͒ are slightly different from the definition used, for example, in ͓17͔, where the (1ϪaH 0 /2n) n terms appear inside the (1Ϫa␦H/2) terms. 2 In the definition used in ͓22͔ the heavy quark field before the FWT transformation (Q 0) T appears in the definition of operators. Matching coefficients for V 4
(1) and V k (1) must be converted when we use the above definition. As we mentioned earlier, the NRQCD action employed in this work is slightly different from that of Morningstar and Shigemitsu ͓22͔. We have therefore independently calculated the wave function renormalization and the vertex correction for the temporal component V 4 , and found that the difference of the finite constants 's between the two actions is small, e.g., ϳ4 -9 % for the vertex correction. Therefore, for the spatial vector current, for which the one-loop calculation with our action is missing, we adopt the coefficients of ͓22͔ assuming that the error is negligible. In Table I the results of our calculation for V 4 (i) are listed, while the results for V k (i) in ͓22͔ are interpolated in aM 0 and given in Table II for our parameter values.
V. LATTICE CALCULATION

A. Lattice setup
Our quenched lattice calculation is carried out on a 16 3 ϫ48 lattice at ␤ϭ5.9 with the standard plaquette action for gluons. The inverse lattice spacing 1/a determined from the string tension is a Ϫ1 ϭ1.64 GeV. The scaling violation has been found to be small for our choice of the heavy and light quark actions over 1/aӍ1 -2.5 GeV in the heavy-light decay constant ͓19͔.
The parameters we choose for the heavy and light quarks are a subset of those simulated in ͓19͔. We take four values of the bare mass aM 0 , 1.3, 2.1, 3.0, and 5.0, for the heavy quark, over a range of the physical heavy quark mass between 2 and 8 GeV. The stabilization parameter n is set to 3 ͑for aM 0 ϭ1.3 and 2.1͒ or 2 ͑for aM 0 ϭ3.0 and 5.0͒ so as to satisfy the stability condition nϾ3/(aM 0 ). We use the O(a)-improved Wilson action for the light quark with the clover coefficient c sw ϭ1.580, which is evaluated at one loop with the tadpole improvement. Four values 0.136 30, 0.137 11, 0.137 69, and 0.138 16 are chosen for the hopping parameters in our simulation, where the critical value c is 0.139 01.
We accumulate 2150 quenched configurations to reduce the statistical error for matrix elements with finite spatial momenta. Each configuration is separated by 1000 pseudoheat-bath sweeps after 10 000 sweeps for thermalization and fixed to the Coulomb gauge. As we will see, even with this large number of statistics, signals for the heaviest heavy quark or lightest light quark are not clean enough to extract the ground state.
B. Correlators
The form factors are extracted from measurements of three-point correlators 
where the operators with superscript L represent a local field, while the smeared operators defined on the Coulomb gauge fixed configurations are labeled with S. The smearing functions l (r) and h (r) are parametrized by l (r) ϭexp(Ϫa l r b l ) and h (r)ϭexp(Ϫa h r b h ), with the parameters a l,h and b l,h determined from a measurement of light-light and heavy-light meson wave functions ͓19͔. The wave function of the light-light meson l (r) is almost independent of the light quark mass, and we use (a l ,b l )ϭ(0.27,1.13). The wave function describing the spread of heavy-light meson h (r), on the other hand, depends significantly on the heavy quark mass, i.e., b h becomes larger as the heavy quark mass increases. The numerical values of (a h ,b h ) are given in Table III .
The meson interpolating field O S is fixed at the time slice tϭ24. The light quark propagators are solved for a smeared source at t , and the source method is used at the time slice t B ϭ0 to obtain the heavy propagator with momentum insertion p B . The heavy-light current with momentum insertion Ϫq is then constructed at t, which is in a region t B ϽtϽt , with the daughter light antiquark propagating back from t and a heavy quark evolving from t B . With this combination of momenta, the initial B meson has momentum p B and the final pion travels with momentum k ϭp B Ϫq, since the fixed source at t B emits a heavy-light meson with any momentum. The momentum combinations measured in our simulation are summarized in Table IV . Since the statistical noise grows exponentially as exp͕͓E(p 2 )ϪE(0)͔t͖ for the finite momentum state with energy E(p 2 ), the spatial momentum one can measure with a reasonable signal is rather limited. In fact, even in our high statistics data, the maximum momentum we could take is (1,0,0) in units of 2/La as we shall discuss in the following sections.
The three-point function ͑5.1͒ is dominated by the ground state contribution for large enough separation of operators t B ӶtӶt :
The overlap amplitudes Z S (k ) and Z B S (p B ) of the interpolating operators with the corresponding ground state are evaluated from the two-point correlators defined by
͑5.10͒
The ground state energy of the heavy-light meson E bind (p B ) represents a ''binding energy,'' as the bare heavy quark mass is subtracted in the NRQCD formalism. In the state normalization in Eq. ͑5.6͒ and in Eqs. ͑5.9͒,͑5.10͒, on the other hand, the heavy-light meson energy E B (p B ) including the bare heavy quark mass enters in the denominator.
In practice, we calculate the ratio R V (i) (t,k ,p B ) of the three-point and the two-point functions,
which becomes constant in the asymptotic limit. The overlap amplitudes with the smeared interpolating fields Z S (k ) and Z B S (p B ) cancel between the numerator and the denominator.
Typical examples of the ratio R V (i) (t;k ,p B ) are plotted in Fig. 1 , in which the data at ϭ0.137 11 and aM 0 ϭ3.0 are shown for five choices of the momentum combination. For all these plots we find a clear plateau in the large t region, where the current is closer to the pion interpolating field than to the B meson. The fit result is indicated by horizontal lines.
The data become noisier for lighter light quark masses with a fixed heavy quark mass, or for heavier heavy quark masses with a fixed light quark mass. As a result, we are not able to extract signals for our lightest light quark ϭ0.138 16, except for a few cases when the daughter pion does not have finite spatial momentum. We also note that we carried out simulations for one additional heavy quark mass aM 0 ϭ10.0. We found, however, that the signal is intolerably noisy, so that we do not use those data in our analysis.
C. Matrix elements
In order to obtain the matrix element ͗(k )͉V
in the denominator. For this purpose we fit the smeared-smeared and smeared-local two-point functions with a single exponential as in Eqs. ͑5.7͒ and ͑5.8͒ for the extraction of Z L (k )/ͱE (k ), and in Eqs. ͑5.9͒ and ͑5.10͒ for
We then obtain the combination
͑5.12͒
Numerical results are listed in Tables V-VIII for each light and heavy quark mass. The first column denotes the momentum configuration as shown in Table IV . 
VI. RESULTS FOR THE FORM FACTORS
A. Energy-momentum dispersion relations
In order to extract the form factors from the matrix elements ͑5.12͒, we have to determine the meson energy of the initial and final states for given spatial momenta. It may be obtained either by assuming a continuum dispersion relation or by actually measuring the meson energy with the given momenta.
For the pion, which is relativistic, the continuum dispersion relation is written as
The measured values of ͓aE (k )͔ 2 for momenta k ϭ(1,0,0) and ͑1,1,0͒, in units of 2/La, are given in Table  IX and also plotted in Fig. 2 for each light quark mass we calculated. We find a nice agreement with the expectation ͑6.1͒. The relation ͑6.1͒ may be modified on the lattice due to lattice artifacts; a possible form is given by replacing ak with sin(ak ), which satisfies the periodic boundary condition. The magnitude of such an effect is not significant, though, since the momentum considered is small enough and the difference between ak and sin(ak ) is less than 3%. The dispersion relation for the heavy-light meson is well described by the nonrelativistic form
Filled symbols represent the ratio for V 4 (0) , and open symbols are for V 1 (0) . Light quark is at ϭ0.137 11, and the heavy quark mass roughly corresponds to the b quark mass, i.e., aM 0 ϭ3.0.
in which the meson mass M B appears in the kinetic energy term. 3 In NRQCD, the heavy-light meson mass is written in terms of the bare mass aM 0 and the binding energy aE bin (0) as
where aE 0 is an energy shift and Z m is a mass renormalization factor. Both factors are calculated at the one-loop level ͓16,17,19͔,
and the numerical coefficients A and B are given in Table I of ͓19͔. The heavy-light meson mass evaluated with Eq. ͑6.3͒ using the V-scheme coupling ␣ V (q*) ͓24͔ at q*ϭ1/a is listed in Table X , and the binding energy in Table XI . Since the one-loop correction partially cancels between Z m aM 0 and aE 0 , the uncertainty due to the choice of q* is small, i.e., at most 3% for aM 0 ϭ1.3 and even smaller for larger aM 0 . In Fig. 3 , a comparison is made of our simulation data with the form of Eq. ͑6.2͒ in which the value of M B evaluated according to Eq. ͑6.3͒ is substituted. We find good agreement except for the data at ϭ0.136 30. Even in the worst case, the disagreement does not exceed 1%. Therefore, we employ the dispersion relation ͑6.2͒ with the perturbatively estimated meson mass aM B in the following analysis of the form factors, rather than using the measured binding energy, which has significant statistical errors and complicates our analysis. The same strategy is taken for the pion energy, namely, we use the relation ͑6.1͒ with the measured value for aM .
B. Form factor extraction
The continuum matrix element is obtained from V (i) (k ,p B ) defined in Eq. ͑5.12͒ using the matching formula of the vector current ͑4.9͒,͑4.10͒ as TABLE V. Matrix elements V (i) at ϭ0.136 30. The first column represents the momentum configuration as defined in Table IV. id.
Ϫ0.358 (20) Ϫ0.266 (10) p000.q100 1.554͑56͒ 0.216͑13͒ 0.0603͑97͒ Ϫ0.751 (29) Ϫ0.063(23) 0.011͑7͒ Ϫ0.321 (19) Ϫ0.268 (11) p100.q200
Ϫ0.697 (13) Ϫ0.081 (3) p100.q000
Ϫ0.704 (26) Ϫ0.152 (22) 0.034͑4͒ Ϫ0.351 (17) Ϫ0.274 (9) p000.q100
Ϫ0.325 (16) Ϫ0.268 (9) p100.q200 1.343͑94͒ 0.495͑34͒ 0.073͑15͒ Ϫ0.627 (46) Ϫ0.544 (53 
͑6.7͒
We use the V-scheme coupling ␣ V (q*) for the coupling constant ␣ s . Since the scale q* that dominates the lattice oneloop integral is not yet known, we examine the uncertainty in the scale setting by calculating the form factors at q*ϭ1/a and at /a. We use the difference in the results, which is the two-loop effect of O(␣ s 2 ), as an estimate of higher order perturbative errors. The numerical value of the coupling is ␣ V (1/a)ϭ0.270 and ␣ V (/a)ϭ0.164 at ␤ϭ5.9 in the quenched approximation.
From the definitions of f 1 (v•k ) and f 2 (v•k ) given in Eq. ͑2.3͒, we obtain the following formula for the form factors: 
Ϫ0.2756 (99) Ϫ0.005 (13) Ϫ0.708 (23) Ϫ0.009 (4) Ϫ0.772 (24) Ϫ0.056(5) p100.q000
Ϫ0.843 (59) Ϫ0.126 (46) Ϫ0.056 (10) Ϫ0.408 (36) Ϫ0.243(19) p000.q100
1.50͑10͒ 0.262͑26͒ 0.038͑17͒ Ϫ0.826 (56) Ϫ0.037 (41) Ϫ0.037 (13) Ϫ0.322 (34) Ϫ0.249(20) p100.q200
1.31͑19͒ 0.556͑78͒ 0.074͑30͒ Ϫ0.81 (11) Ϫ0.53 (12) Ϫ0.008 (26) Ϫ0.77 (12) Ϫ0.229 (40) (50) Ϫ0.151 (38) Ϫ0.020 (7) Ϫ0.390 (30) Ϫ0.256(15) p000.q100
1.485͑89͒ 0.268͑21͒ 0.020͑13͒ Ϫ0.771 (47) Ϫ0.076 (32) Ϫ0.004 (10) Ϫ0.326 (29) Ϫ0.247 (15) where v ϭ(E B (p B ),p B )/M B and k ϭ"E (k ),k …. By construction, for the initial B meson at rest,
Even for a B meson with momentum ͑1,0,0͒, the velocity is small (p B /M B Ӎ0.07-0.2 depending on the heavy quark mass͒, and the major effect is from the temporal or spatial component of
An example of the form factors is plotted in Fig. 4 for aM 0 ϭ3.0, which is close to the b quark mass, and ϭ0.136 30. The point of smallest av•k corresponds to the zero recoil configuration, i.e., the initial and final particles are at rest so that av•k ϭaM . At that point, only the temporal component V 4 cont (k ,p B ) can be measured while the spatial component vanishes. The momentum configuration p B ϭ(1,0,0) and k ϭ(0,0,0) gives a very similar av •k , because of the large heavy quark mass and small spatial velocity. As a result, the data point almost lies on top of that at zero recoil. We are not able to measure f 2 (v•k ) reliably at this point, since the value of the spatial component V 1 cont (k ,p B ) is too small. There are four other momentum configurations ͑see Table IV͒ , for which both f 1 (v•k ) ϩf 2 (v•k ) and f 2 (v•k ) are measured. Among them, two momentum configurations sharing the same k ϭ(1,0,0) and having different p B have almost identical values of av•k for the same reason as above, and cannot be distinguished from each other in the plot ͑the middle point of the three filled data points͒.
From Fig. 4 we also see that the effect of choosing ␣ V (1/a) ͑circles͒ or ␣ V (/a) ͑squares͒ is small; it is smaller than the statistical error except for the zero recoil point where the statistical error is minimum. Therefore in the following analysis we use the data with ␣ V (1/a). In the final results we will include their difference in the systematic error estimation. 
Ϫ0.385 (17) Ϫ0.031 (21) Ϫ0.771 (34) Ϫ0.020 (60) Ϫ0.850 (37) Ϫ0.059 (8) (13) Ϫ0.001 (17) Ϫ0.738 (24) Ϫ0.000 (4) Ϫ0.830 (27) Ϫ0.091 (6) (19) Ϫ0.837 (83) Ϫ0.169 (57) Ϫ0.036 (12) Ϫ0.410 (47) Ϫ0.244(24) p000.q100
1.33͑14͒ 0.299͑39͒ Ϫ0.014 (22) Ϫ0.760 (79) Ϫ0.088 (49) Ϫ0.009 (15) Ϫ0.310 (47) Ϫ0.217 (24) 
C. Heavy quark mass dependence
As we discussed in Sec. II, the heavy quark scaling is manifest for the form factors f 1 (v•k ) and f 2 (v•k ); namely, f 1,2 (v•k ) behaves as a constant at the leading order of the 1/M expansion. Here we examine the heavy quark mass dependence of f 1 (v•k )ϩ f 2 (v•k ) and f 2 (v•k ) explicitly by comparing the results with different heavy quark masses.
In order to remove the logarithmic dependence on the heavy quark mass that appears from the matching of the vector current between the full QCD and lattice NRQCD ͑4.9͒,͑4.10͒, we define the renormalization group invariant form factors ⌽ 1ϩ2 (v•k ) and ⌽ 2 (v•k ) as
where ␤ 0 denotes the first coefficient of the QCD beta function. We note that M B is the heavy-light meson mass measured on the lattice for a given aM 0 , while m B is the physical B meson mass. Figure 5 shows ⌽ 1ϩ2 (v•k ) and ⌽ 2 (v•k ) for several values of aM 0 . We find that the 1/M correction gives only a small effect in the range of the heavy quark mass we explored, which corresponds to 2-8 GeV. In fact, there is no significant shift in the magnitude of the form factors caused by a change of the heavy quark mass. A small effect can be seen in the value of av•k for two momentum configurations for which p B •k 0. However, it does not seem to change the global shape of the form factors.
The small 1/M correction we found is of great phenomenological importance, as it justifies the use of heavy quark symmetry to predict the B→l form factors from those of D→l and D→Kl ͓12͔. We discuss this method and possible uncertainties in Sec. VIII.
D. Light quark mass dependence
In order to obtain the physical form factors we need to extrapolate our result to the physical light (u and d) quark mass. For this purpose we examine the light quark mass dependence of the form factors f 1 (v•k )ϩ f 2 (v•k ) and f 2 (v•k ) using the data, which cover the range 0.45-0.80 GeV of the pion mass. Unfortunately, the signal is badly contaminated by statistical noise for the lightest data, so that we are not able to extract the form factors except for the zero recoil limit of f 1 (v•k )ϩ f 2 (v•k ). For three other values, the data are fully available and we mainly use them to see the light quark mass dependence. Figure 6 shows the measured form factors at four different light quark masses. The heavy quark mass is fixed at aM 0 ϭ2.1. Since the minimum value of av•k is aM , the range of av•k where the data are available moves to the left hand side as the light quark mass decreases. On the other hand, a change of the value of the form factors f 1 (v•k ) 
is not significant if we compare the data for a given momentum configuration. For instance, the values of a 1/2 ͓ f 1 (v•k )ϩ f 2 (v•k )͔ stay almost constant around 0.68 over the range v•k ϭ0.27-0.49, which corresponds to the lightest and the heaviest data. If we look at the change at fixed v•k , there is an apparent downward shift of f 1 (v•k )ϩ f 2 (v•k ). This is due to a negative slope in av •k in the data at fixed light quark mass. On the other hand, for f 2 (v•k ) the light quark mass dependence is less significant, since the data at fixed do not seem to have a nonzero slope.
E. Global fit
In order to extract the physical form factors, we have to consider the dependence on three parameters, i.e., the inverse heavy meson mass 1/M B , the light quark mass m q , and the energy release v•k . The heavy quark effective theory together with the chiral perturbation theory suggest that we can expand the form factors in powers of 1/M B and m q . On the other hand, there is no theoretical guide for the functional dependence on v•k . Therefore, in fitting the data we use a Taylor expansion around an arbitrarily chosen point v•k ϭ(v•k ) 0 , which in practice we take in the middle of the measured range. Thus we employ the following form to fit the data:
where the superscript (i jk) for the coefficient denotes the order of expansion in 1/aM B , am q , and ͓av•k Ϫ(av •k ) 0 ͔, in the given order. The fit results for (av•k ) 0 ϭ0.5 are listed in Table XII . The choice of keeping or dropping a certain term in Eq. ͑6.12͒,͑6.13͒ is empirical. Our experience in calculations of the heavy-light decay constant and the B parameters suggests that both the 1/M B and am q expansions can be safely truncated at the first order. This is consistent with an argument of naive power counting assuming that the relevant mass scale is around ⌳ QCD . We find that is indeed the case also for the B→l form factors, as we shall discuss in the following.
In Eqs. ͑6.12͒,͑6.13͒ the 1/M B expansion is truncated at first order, since the 1/M B correction is not significant as discussed in Sec. VI C, so that there is no sensitivity to higher order corrections. Even the first order coefficients C 1ϩ2 (100) and C 2 (100) are consistent with zero within the statistical error. This truncation is also consistent with our NRQCD action, because we do not include corrections of order 1/M 0 2 or higher in the action ͑3.2͒.
The light quark mass dependence of a 1/2 ⌽ 1ϩ2 (v•k ) is consistent with a linear function if we fix av•k at (av •k ) 0 ϭ0.5, for instance. Thus we truncate the expansion in am q at the first order. We also keep a cross term with the leading ͓av•k Ϫ(av•k ) 0 ͔ correction, but its coefficient C 1ϩ2 (011) is consistent with zero. For a 1/2 ⌽ 2 (v•k ) the light quark mass dependence is not significant as discussed in Sec. VI D. Although we keep the first order correction to be conservative, its coefficient C 2 (010) is almost consistent with zero. As for the functional dependence of the form factors on av•k , we include the ͓av•k Ϫ(av•k ) 0 ͔ 2 term for a 1/2 ⌽ 1ϩ2 (v•k ), while the second order term is neglected for a 1/2 ⌽ 2 (v•k ). The reason is that we find a significant slope in a 1/2 ⌽ 1ϩ2 (v•k ), so that a higher order term ͓av •k Ϫ(av•k ) 0 ͔ 2 is also included for safety. The other form factor a 1/2 ⌽ 2 (v•k ) behaves almost like a constant, and it is enough to keep the first order term.
While we introduce several terms for which the coefficient is not well determined, i.e., consistent with zero, this does not mean our results for the physical form factors have large uncertainty, as long as we use the results for an interpolation in the relevant parameters. For example, the heavy quark mass we simulate covers the b quark mass, so that only an interpolation is required. For the parameter ͓av•k Ϫ(av•k ) 0 ͔, we restrict ourselves to considering the region where the data are available. Therefore, we can obtain the physical form factors in the region 0.67 GeVϽv•k Ͻ0.96 GeV reliably. Outside this region, the fit ͑6.12͒,͑6.13͒ appears to introduce a large uncertainty. For the light quark mass, we have to consider an extrapolation to the physical limit of u and d quarks. This increases our statistical error significantly.
The fit results are shown in Fig. 5 ͑heavy quark mass dependence͒ and in Fig. 6 ͑light quark mass dependence͒. In Fig. 6 we also plot the limit of physical light quark mass ͑thick curves͒, which is obtained by setting am q to the physical average up and down quark masses in Eqs. ͑6.12͒,͑6.13͒.
The form factors f 1 (v•k )ϩ f 2 (v•k ) and f 2 (v•k ) for the physical B→l decay are plotted in Fig. 7 . The region where the lattice data are interpolated in ͓av•k Ϫ(av •k ) 0 ͔ is plotted with symbols. Going outside that region requires an extrapolation, so that the error shown by the dashed curves rapidly grows.
F. Soft pion theorem
In the soft pion limit, i.e., m and k →0, the following relation ͑2.10͒ holds:
It is an important consistency check to see whether one can reproduce this relation in the lattice calculation. In Fig. 8 we plot the result of the fit ͑6.12͒ by an open triangle and compare it with the lattice calculation of f B / f ͑filled triangle͒ ͓19͔. The data are presented at fixed heavy quark mass aM 0 ϭ3.0. We should note that the soft pion limit in Eq. ͑6.12͒ is far from the region where f 1 (v•k ) ϩ f 2 (v•k ) is obtained by interpolation. Therefore, we expect substantial systematic uncertainty in the fit result. In fact, Fig. 7 demonstrates that the extrapolation to v•k ϭ0 is not yet very stable.
The soft pion limit can also be achieved along a fixed momentum configuration; namely, we may extrapolate the data for each light quark mass at zero recoil. In this case, however, the momentum transfer v•k (ϭM ) changes during the extrapolation, so that we have to consider a fit with two terms am q and aM . 4 Because of the PCAC ͑partial conservation of axial-vector current͒ relation M 2 ϰm q , it means a quadratic fit in ͱam q . We plot two extrapolations in Fig. 8 : a linear form in am q ͑dashed line͒ and a quadratic fit in ͱam q ͑solid curve͒. Although the effect of the term ͱam q seems very small in the data and is seen only at the lightest quark mass, it raises the soft pion limit for the quadratic fit. The result is consistent with the global fit ͑6.12͒. Thus we consider that the disagreement of f 0 (q max 2 ) with f B / f , which seemed to be a serious problem if we only looked at the naive linear extrapolation with only data at zero recoil, is in fact more of a problem in the subtle chiral extrapolation or in the model uncertainty of momentum extrapolation. The UKQCD ͓26,25͔ and APE ͓7,27͔ Collaborations found in their studies with relativistic heavy quark action that the soft pion relation ͑6.14͒ is satisfied. It should be noted, however, that their method of chiral extrapolation corresponds to our ''global fit'' method, and the measured kinematical region is far from the soft pion limit. Therefore the result in the soft pion limit should depend on how the extrapolation is made. They employed a polelike model ͓28͔ for their fit function. Thus their results in the soft pion limit contain some uncertainty which is not well controlled, just like ours, although the results in the kinematical region obtained by interpolating the lattice data do not suffer from such uncertainties.
Judging from the size of the uncertainties it is too early to consider the deviation from the soft pion relation as a serious problem. This problem can be studied with much statistically significant data with a larger number of momentum points 4 As discussed in ͓25͔, one should include a term that is linear in aM when v•k ͑or q 2 in the relativistic form͒ varies during the extrapolation of the form factors. The fit becomes more stable if one first interpolates to a fixed v•k ͑or q 2 ), and then extrapolates in am q . Our strategy of employing the global fit ͑6.12͒,͑6.13͒ is equivalent to this method. and light quark masses so that the extrapolation in v•k toward the soft pion limit becomes more stable, which is still beyond the scope of this paper.
G. Pole dominance
In the soft pion limit, the heavy meson effective Lagrangian predicts the B* pole dominance ͑2.11͒, that is,
Since the hyperfine splitting ⌬ B ϵM B * ϪM B is much smaller than the momentum transfer v•k we measure, we can approximate its functional form by a constant in our data region. Our data support the constant behavior and give g( f B * ͱam B * /2f )ϭ0.35 (18), which reduces to g ϭ0. 30(16) . This agrees with the phenomenological value extracted from D*→D decay 0.27͑6͒ ͓29͔, and also with the recent lattice calculation gϭ0.42(4)(8) ͓30͔, which is obtained for the static heavy quark. The agreement suggests that the 1/M correction is small for the form factors.
H. Systematic errors
We now discuss possible sources of systematic errors and their estimates. Since the statistical error, the discretization error of O(a 2 ), the perturbative error of O(␣ s 2 ), and the chiral extrapolation error are large, we consider only these dominant sources of errors and neglect other subleading errors such as O"␣ s 2 /(aM )…, O(␣ s 2 a⌳ QCD ), O(␣ s ⌳ QCD /M ), and so on.
The size of the two-loop order correction is known only by explicit computation, which is beyond the scope of this paper. Instead, we estimate the size of the perturbative error of O(␣ s 2 ) as half of the difference of the values for q* ϭ/a and 1/a. The typical sizes are 1.5% for f 1 (v•k ) ϩ f 2 (v•k ) and 3.5% for f 2 (v•k ). The reason for the error in f 2 (v•k ) being larger is that the one-loop renormalization coefficient for heavy-light vector current is larger for the spatial component than for the temporal one and the matrix element of the spatial component gives larger contributions to f 2 (v•k ) in the small recoil region.
The discretization errors of O(a 2 ⌳ QCD 2 ) and of O(a 2 k 2 ) are also important. The former error is common to most lattice simulations using O(a)-improved actions, and through an order counting we estimate it to be 3% at ␤ϭ5.9, assuming that the typical momentum scale ⌳ QCD is around 300 MeV. The latter is specific to the present work since the error due to nonzero recoil momenta appears only in the study of form factors. As the pion momentum treated in our calculation is at most 2/L (Lϭ16) in lattice units, we estimate this error to be about 16% using order estimation.
The error in the chiral extrapolation is another major source of systematic error. Since we have data at only three values except for the zero recoil point, it is not practical to test different functional forms of m q for the chiral extrapolation. We instead estimate the corresponding error in the form factors by taking the square of the difference between the result of the chiral limit and that of the lightest . This gives 10% for f 1 (v•k )ϩ f 2 (v•k ) and 1% for f 2 (v•k ).
The total error is estimated by adding these errors in quadrature together with the statistical error. In Fig. 9 the form factors f 1 (v•k )ϩ f 2 (v•k ) and f 2 (v•k ) are plotted with the estimated systematic uncertainties. Numerical results are listed in Table XIII .
VII. COMPARISON WITH OTHER CALCULATIONS
A. f 1 "v"k … and f 2 "v"k … El-Khadra et al. calculated the form factors at the b quark mass using a nonrelativistic interpretation of the relativistic lattice action ͓11͔. A comparison is made with our results for the HQET form factors f 1 (v•k )ϩ f 2 (v•k ) and f 2 (v•k ) at the same ␤ value employed, ␤ϭ5.9, in Fig. 10 . We find a reasonable agreement for f 2 (v•k ), but for f 1 (v•k ) ϩ f 2 (v•k ) our data seem substantially lower.
Since both the NRQCD and Fermilab actions are two variants of the nonrelativistic effective action, there should be no fundamental difference in the result. There are, however, two possible reasons for the disagreement. One is the difference in the renormalization factor. The other is the difference in various systematic errors which arise from the choice of parameters such as the lattice size, smearing methods, fitting procedures, and so on.
In order to see the reason for the disagreement, we plot the form factors at a fixed momentum configuration ap B ϭ(0,0,0) and ak ϭ(1,0,0) as a function of the light quark mass in Fig. 11 . While we find a good agreement for f 2 (v •k ), our result for f 1 (v•k )ϩ f 2 (v•k ) is significantly lower than the Fermilab data ͓11͔. Furthermore, in the fit of the form ͑6.12͒ the chiral limit of our data is lower than the data at finite am q as shown in the plot, in contrast to the Fermilab data, for which the chiral limit becomes even higher due to a positive curvature.
We note that the renormalization of the vector current is made using nonperturbative Z factors of heavy-heavy and light-light currents in the Fermilab analysis ͓11͔. A correction is then made perturbatively for the heavy-light current. Since our results are obtained with an entirely perturbative matching, systematic errors may enter differently. The effect of such a ''partial'' nonperturbative renormalization for the NRQCD action is an issue for future investigation.
We should also note that in Fig. 11 the statistical error in our calculation seems much larger than that in the Fermilab data, despite much larger statistics in our calculation. We suspect that the main reason for the large statistical error in our data is a larger temporal extent of our lattice N T ϭ48 compared to N T ϭ32 in the Fermilab work. The large temporal size and the large distance between t and t B in our simulation renders the extraction of the ground state contribution very convincing as shown in Fig. 1 , which seems much better than the equivalent plot in ͓11͔, but at the same time the statistical noise grows exponentially as the heavylight meson evolves in the temporal direction ͓31,32͔.
A comparison of the form factors in the conventional definition f ϩ (q 2 ) and f 0 (q 2 ) is made in Fig. 12 . Results from recent lattice calculations by the APE ͓7͔, UKQCD ͓6͔, and Fermilab ͓11͔ Collaborations are shown in the plot together with our data.
We find that all data are consistent with each other for f ϩ (q 2 ), while our result is somewhat lower for f 0 (q 2 ). Since f 0 (q 2 ) is proportional to f 1 (v•k )ϩ f 2 (v•k ) up to a small correction of O(v•k /m B ), the disagreement with the Fermilab result is the same one as we discussed in the previous subsection.
The results of other two groups, APE and UKQCD, are lower than the Fermilab result but still higher than ours. We note that in their approach an extrapolation in 1/M P is necessary to predict the B meson form factor from the simulation results for lighter heavy quarks. Figure 13 shows physical point considerably higher than ours. In the relativistic approach, the discretization error may be magnified toward heavier quarks, since the discretization error scales as a power of aM . Therefore, the dependence on the heavy quark mass can be badly distorted. Furthermore, the heavy quark expansion becomes questionable for lighter heavy quarks, and extrapolation with a linear or quadratic function in 1/M P may not be sufficient. Such effects are difficult to incorporate in the extrapolation, and the systematic error can be underestimated.
VIII. PHENOMENOLOGICAL IMPLICATIONS
A. Differential decay rate
The differential decay rate of the semileptonic B 0 → Ϫ l ϩ l decay is proportional to the form factor f ϩ (q 2 ) squared provided the lepton mass is neglected:
Therefore, if a reliable calculation of the form factor is available from lattice QCD, the experimental data can be used to extract the CKM element ͉V ub ͉. Our result for the differential decay rate divided by ͉V ub ͉ 2 is listed in Table XIII and shown in Fig. 14. The momentum configuration where data are available is limited to the large q 2 region 18 GeV 2 Ͻq 2 Ͻ21 GeV 2 , which corresponds to small recoil momenta. In the region above 21 GeV 2 there is no data point because of the large pion mass in lattice calculations. However, the pole dominance near zero recoil region ͓Eqs. ͑2.11͒ and ͑2.12͔͒, which is confirmed in part by our lattice calculations, should become an even better approximation in that region. Therefore, the theoretical uncertainty is under control in that large q 2 region. A strategy to determine ͉V ub ͉ is then to measure the decay rate in the large q 2 region, q 2 Ͼ18 GeV 2 , and to use the lattice result
͑8.2͒
The first error is statistical, the second is perturbative, and the last error is the error from discretization and chiral extrapolation.
B. D\l and D\Kl
As we found in Sec. VI C, the 1/M correction to the HQET form factors f 1 (v•k ) and f 2 (v•k ) is small. Al- though our data are available only for large heavy quark mass M Ͼ3.2 GeV and the charm quark mass is not covered, the result suggests that the semileptonic decays of D mesons, D→l and D→Kl, may be used to constrain the form factors, as proposed by Burdman et al. ͓12͔ .
The idea of ͓12͔ is to consider the ratio of the differential decay rates of B→l and D→l at a fixed recoil energy v•k ; then the heavy quark symmetry tells us that the ratio is unity at leading order, and the ratio of CKM elements ͉V ub /V cd ͉ may be extracted without model dependence. The method is, however, not very useful unless the size of 1/M ͑and higher order͒ corrections is reliably estimated. A lattice calculation can be used to evaluate them, as we attempt in this work.
In the lattice calculation, the bulk of systematic errors, especially uncertainty in the perturbative renormalization, are canceled in the ratio of form factors with different heavy quark mass. This idea was extensively used by the Fermilab group ͓33,34͔ in the lattice study of heavy-to-heavy decay, namely, B→D ( * ) l, in which the heavy quark symmetry predicts a stronger constraint and the form factor is even normalized in the zero recoil limit up to a correction of O(1/M 2 ) that can be calculated on the lattice. The Fermilab group also considered the ratio for the heavy-to-light decay ͓11͔. They calculated the form factors at b and c quark masses, and found a small but significant mass dependence in the HQET form factors, which might conflict with our findings. It is therefore important to extend our work toward lighter heavy quarks in order to investigate how the form factors are modified by the 1/M corrections. We also note that for this purpose the nonrelativistic interpretation of the relativistic lattice action ͓10͔ employed in ͓11͔ is best suited, because lighter heavy quarks can be treated without large systematic errors.
IX. CONCLUSIONS
In this paper, we calculated the form factors and the differential decay rate for B→l on a quenched lattice using the NRQCD action. In the HQET form factors f 1 (v•k ) and f 2 (v•k ), the heavy quark mass dependence appears only in the form of the 1/M expansion. From calculations at several different heavy quark masses we found that the 1/M correction is not significant for these form factors. We found that the B* pole contribution dominates f ϩ (q 2 ) for small pion recoil energy. We also showed that the extrapolation to the soft pion limit suffers from large systematic errors, so that the discrepancies between f 0 (q max 2 ) and f B / f in the soft pion relation, as seen in the present simulation, are not a serious problem.
In order to avoid model dependence, we did not assume any particular functional form for the form factors. Instead, we carried out an interpolation in the region where our data are available. Although the accessible q 2 region is rather limited, the prediction from the chiral effective Lagrangian may be used to extend the prediction toward q max 2 , and we obtained a partially integrated differential decay rate in the region 18 GeVϽq 2 Ͻq max 2 . We obtained (G F 2 / 24 3 )͐ 18 GeV 2 q max 2 dq 2 ͉k ͉ 3 ͉ f ϩ (q 2 )͉ 2 ϭ1.18Ϯ0.37Ϯ0.08Ϯ0.31 psec Ϫ1 where the first error is statistical, the second is the error from the perturbative calculation, and the third is the systematic error from the discretization and chiral extrapolation.
The discretization error of O(a 2 ) and the perturbative error are sizable. The first error can be reduced by performing simulations at several different lattice spacings and/or using different lattice actions. The reduction of the second error is more demanding. We need a nonperturbative renormalization to remove it. Another important source of uncertainty, which we did not include, is the quenched approximation, whose effect can be estimated only with simulations including dynamical quarks. We are planning future studies in these directions.
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